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Abstract
We study large N conformal field theories perturbed by relevant double-trace deforma-
tions. Using the auxiliary field trick, or Hubbard-Stratonovich transformation, we show that
in the infrared the theory flows to another CFT. The generating functionals of planar corre-
lators in the ultraviolet and infrared CFT’s are shown to be related by a Legendre transform.
Our main result is a universal expression for the difference of the scale anomalies between
the ultraviolet and infrared fixed points, which is of order 1 in the large N expansion. Our
computations are entirely field theoretic, and the results are shown to agree with predictions
from AdS/CFT. We also remark that a certain two-point function can be computed for all
energy scales on both sides of the duality, with full agreement between the two and no scheme
dependence.
December 2002
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1 Introduction
The AdS/CFT correspondence is a duality between string or M-theory backgrounds of the
form AdSd+1 × X and conformal field theories in d dimensions [1, 2, 3]. There exist many
checks of the duality based on studying explicit models; the most extensively studied one
is the N = 4 SYM theory dual to type IIB string theory in AdS5 × S5 (for reviews, see
[4, 5, 6]). One may be bold enough to argue that, whenever there exists an AdSd+1 × X
solution of string or M-theory, then it serves as a constructive definition of a d-dimensional
CFT, even if its conventional field theoretic formulation is lacking.1 The universal part of
this construction is the AdSd+1 space, while the “details” of the CFT, such as the number
of supersymmetries, the global symmetries, etc., are encoded in the compact space X. It is
particularly interesting to look for model-independent checks of the AdS/CFT duality which
do not depend on X explicitly. Examples of such checks include studies of finite temperature
theories via black holes in AdS [7, 8], calculations of quark – antiquark potential [9, 10], and,
quite recently, a study of dimensions of high-spin operators [11].
In this paper we present a new general check of the duality which concerns the change of
the central charge under a flow produced by a double-trace deformation. Our check applies
to all models which contain scalar fields in AdSd+1 with
−d
2
4
< m2L2 ≤ −d
2
4
+ 1 , (1)
so that both ∆+ and ∆− dimensions are admissible for the dual operator O [12] (∆± are the
two roots of ∆(∆− d) = (mL)2, where L is the radius of AdSd+1). Multi-trace deformations
were first studied in the context of AdS/CFT duality in [13]. The modification of the AdS
boundary conditions by such operators was presented in [14, 15] and further elaborated in
[16, 17, 18]. The boundary conditions were used in [14] to argue that, whenever a relevant
1This might even be argued for an AdSd+1 background of some as-yet-unknown theory of quantum gravity
with a semi-classical limit in which Einstein gravity is recovered.
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double-trace deformation O2 is added to the action, then the theory flows from a UV fixed
point where O has dimension ∆− < d/2 to an IR fixed point where O has dimension
∆+ = d−∆−.2 The difference in the Weyl anomaly produced by this flow in even dimensions
d was calculated in [22] using AdS methods; the result is a remarkably simple universal
formula which depends only on ∆− and d. In this paper we rederive this formula using field
theoretic methods. Our derivation serves as a new interesting check of the duality, and it
also sheds light on the origin of the universality of the result of [22].
Indeed, the field theory computation doesn’t even depend on the existence of an anti-de
Sitter dual—nor on supersymmetry, nor on gauge symmetry. It is a general result, for any
even dimension d, for any UV dimension ∆− ∈ (d/2− 1, d/2) of O, and depending only on
having some form of large N expansion. Thus it has some interest in its own right, apart
from its value as a check of AdS/CFT.
From the AdS point of view, the infrared CFT differs from the ultraviolet CFT only
in one respect: the scalar field dual to O is quantized with the conventional ∆+ boundary
condition in the IR, but with the unconventional ∆− boundary condition in the UV. This
2-fold ambiguity in quantization of scalar fields in AdSd+1 with m
2 in the range (1) was
originally found in [23], while its relevance for the AdS/CFT correspondence was elucidated
in [12]. In particular, [12] presented a prescription for calculating correlation functions of
operators with dimension ∆−. At the leading order in N , this prescription asserts that the
generating functional of correlation functions in the theory where O has dimension ∆− is
related by a Legendre transform to the corresponding object in the theory where O has
dimension ∆+. In this paper we shed new light on this prescription by combining it with
the proposal of [14]. The combined proposal then states that, in the large N limit, the
ultraviolet CFT is related to the infrared CFT produced by a relevant O2 operator through a
Legendre transform. We are able to derive this result in the field theory, using the Hubbard-
Stratonovich auxiliary field. As a further step, we compute the leading correction in the
1/N expansion, which follows from the 1-loop diagram for the auxiliary field and scales as
N0. The anomalous part of this determinant exactly reproduces the AdS result of [22], in
confirmation of the AdS/CFT duality. For this approach to work it is not necessary for the
ultraviolet CFT to be supersymmetric; even if it is, the relevant double-trace interaction
breaks the supersymmetry.
We also remark that our treatment of the double-trace operators parallels a similar treat-
ment given in [24] for c ≤ 1 matrix models of 2-d quantum gravity deformed by operators
O2. In particular, the integral over the Hubbard-Stratonovich auxiliary variable was used
in [24] to compare the O(N0) (torus) corrections to the free energy in theories with two
different scaling dimensions of operator O.
2This type of flow is well-known in O(N) models in 2 < d < 4 with fields φa, a = 1, . . . , N transforming in
the fundamental representation [19]. An AdS dual of the flow produced by “double-trace” operator (φaφa)2
was recently proposed in terms of a higher-spin gauge theory in [20]. A d = 4 model where this flow may
take place is the SU(N)× SU(N) superconformal gauge theory of [21] which contains relevant double-trace
operators.
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2 Outline of the field theory calculation
Consider a conformal field theory with a gauge-singlet single-trace scalar operator O whose
dimension ∆ falls in the range (d/2−1, d/2). The lower limit of this range is the dimension of
a free scalar field, and it can be shown that a lower dimension forO would be inconsistent with
unitarity. Let us also assume that in the undeformed conformal field theory, 〈O(x)O(0)〉 =
1/x2∆ on Rd, and that higher point functions of O are suppressed by some sort of 1/N
factors, where we may take N large. Then there is a general argument that, in the large N
limit, the renormalization group flow triggered by the relevant deformation f
2
O2 terminates
at an infrared fixed point where O is again a scaling operator, but of dimension d−∆. The
argument proceeds via a Hubbard-Stratonovich transformation, as follows. Consider the
partition function
Zf [J ] =
∫
Dφe−S[φ]−
∫
f
2
O2+
∫
JO =
〈
e−
∫
f
2
O2+
∫
JO
〉
0
(2)
where f is a constant but J may not be. The notation
∫ Dφ indicates path integration
over all the degrees of freedom of the conformal field theory, and S[φ] is the undeformed
action. The notation 〈· · ·〉0 indicates an expectation value in the undeformed conformal field
theory (that is, with J = f = 0). The Hubbard-Stratonovich transformation amounts to
introducing an auxiliary field σ:3
Zf [J ] =
√
det
(
− 1
f
1
) ∫
Dσ
〈
e
∫
( 12f σ
2+σO+JO)
〉
0
. (3)
The assumption that higher point functions of O are suppressed now enters in a crucial way:
〈
e
∫
(σ+J)O
〉
0
≈ e
1
2
〈
(
∫
(σ+J)O)
2
〉
0 , (4)
up to some 1/N corrections. The remaining σ integral required for computing Zf [J ] is now
strictly Gaussian. If we now define three linear operators by the relations
(Gˆσ)(x) =
∫
ddξ
√
g〈O(x)O(ξ)〉0σ(ξ)
Kˆ = 1 + fGˆ Qˆ = −1
f
(
Kˆ−1 − 1
)
=
Gˆ
1 + fGˆ
,
(5)
then it is straightforward to show that
Zf [J ] =
1√
det Kˆ
e
1
2
〈J,QˆJ〉 . (6)
3The determinant in (3) is a formal expression, defined so that
√
det
(
− 1
f
1
) ∫ Dσ e 12f σ2 = 1. The contour
for σ(x) should be rotated to run along the imaginary axis to ensure convergence. In Lorentzian signature,
the σ field may be introduced in such a way that the action remains real throughout, up to the usual iǫ
terms.
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Thus in particular, the two-point function for O in the presence of the deformation is
〈O(x)O(0)〉f = ∂
2 logZf [J ]
∂J(x)∂J(0)
= Q(x, 0) , (7)
where Q(x, 0) is the position space representation of the operator Qˆ. In the dual AdS
treatment the same formula for the two-point function was obtained in [16].
The three linear operators, Gˆ, Kˆ, and Qˆ, are diagonal in a momentum space basis for
functions on Rd. Explicitly,
G(k) =
∫
ddx
eik·x
x2∆
= 2d−2∆πd/2
Γ
(
d
2
−∆
)
Γ(∆)
k2∆−d
K(k) = 1 + fG(k) Q(k) =
G(k)
1 + fG(k)
.
(8)
Expanding Q(k) for small wave-numbers, we find
Q(k) =
1
f
− 1
f 2G(k)
+
1
f 3G(k)2
− . . . for fG(k)≫ 1
〈O(x)O(0)〉f ≈ − 1
f 2πd
Γ(∆)Γ(d−∆)
Γ
(
d
2
−∆
)
Γ
(
∆− d
2
) 1
x2(d−∆)
for x≫ f− 1d−2∆ .
(9)
The position space expression shown comes from the −1/f 2G(k) term, which is the leading
non-analytic behavior ofQ(k) in the small k limit. Using the relation Γ(x)Γ(1−x) = π/ sin πx
and the constraint ∆ ∈ (d/2− 1, d/2), it is easy to show that the position space expression
for 〈O(x)O(0)〉f is positive.
The power law behavior for 〈OO〉f in the infrared is prima facia evidence for an infrared
fixed point. Furthermore, we find that the dimension of operator O has changed from ∆ in
the UV to d − ∆ in the IR, in agreement with the reasoning presented in [14] on the AdS
side of the duality. In fact, 〈O(x)O(0)〉f in the infrared limit and the original two-point
function 〈O(x)O(0)〉0 are related by the Legendre transform prescription proposed in [12].
More generally, introduction of the Hubbard-Stratonovich auxiliary field explains why the
generating functionals of planar correlations functions in the infrared CFT, corresponding to
operator O having dimension ∆+, and in the UV CFT, corresponding to dimension ∆−, are
related by the Legendre transform. To demonstrate this, defineW[σ, hi] to be the generating
functional of correlators in the ultraviolet CFT:
eW [σ,hi] =
〈
e
∫
(σO+
∑
i
hiAi)
〉
0
(10)
for single-trace operators Ai. Using (3) and shifting the auxiliary field, σ˜ = σ + J , we find
Zf [J, hi] =
√
det
(
− 1
f
1
) ∫
Dσ˜eW [σ˜,hi]+
∫
1
2f
(σ˜−J)2 . (11)
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Now it is convenient to rescale J = fJ˜ and send f to ∞, which corresponds to taking the
IR limit. Discarding the term fJ˜2/2 which contributes only a contact term, we find
Zf [J˜ , hi] ∼
∫
Dσ˜eW [σ˜,hi]+
∫
σ˜J˜ . (12)
This expression, which is analogous to the result of [24], may be used to generate the 1/N
expansion in the infrared CFT. To pick out the planar limit, it is sufficient to find the saddle
point for σ˜, so that the IR generating functional is a Legendre transform of the UV one,
logZf [J˜ , hi] =W[σ˜, hi] +
∫
σ˜J˜ (13)
where
J˜ = −δW[σ˜, hi]
δσ˜
. (14)
Conversely, the UV generating functional is a Legendre transform of the IR one, in agreement
with the results of [12, 14]:
W[σ˜, hi] = logZf [J˜ , hi]−
∫
σ˜J˜ , σ˜ =
δ logZf [J˜ , hi]
δJ˜
. (15)
Now, we go on to consider O(N0) corrections to the leading order result contained in
the factor 1√
det Kˆ
which comes from fluctuations of the auxiliary field away from its classical
value. In order to extract the central charge at the IR fixed point, it will be convenient
to consider the theory on a sphere SdR of radius R. Conformally mapping R
d to SdR (via a
stereographic projection, for example), one can easily show that
〈O(x1)O(x2)〉 = 1
s(x, x′)2∆
, (16)
where s(x, x′) is the chordal distance between points x and x′ on Sd: that is, s(x, x′) =
2R sin(θ/2), where θ is the angle between x and x′. The operators Gˆ, Kˆ, and Qˆ are now
diagonal in a basis of spherical harmonics on Sd. An efficient way to find the eigenvalues gℓ
of Gˆ is to expand
1
s(x, x′)2∆
=
∑
ℓ,m
gℓY
∗
ℓm(x)Yℓm(x
′) , (17)
where ℓ is the principal angular quantum number andm collectively denotes all the magnetic
quantum numbers. The Yℓm(x) are assumed to include a factor of R
−d/2, so that when they
are squared and integrated over SdR, the result is unity. For any x
′, we have
gℓ =
1
Yℓm(x′)
∫
ddx
√
g
1
s(x, x′)2∆
Yℓm(x) . (18)
The eigenvalue gℓ has nom dependence because of SO(d+1) invariance. Now we may choose
x′ to be the north pole of Sd, θ = 0. Using the fact that on Sd, Yℓ0(θ) is proportional to the
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Gegenbauer polynomial C
(d−1)/2
ℓ (cos θ), we have
gℓ
Rd−2∆
=
VolSd−1
C
(d−1)/2
ℓ (1)
∫ 1
−1
dz(1− z2)(d−2)/2(1− z)−∆C(d−1)/2ℓ (z)
=
VolSd−1
C
(d−1)/2
ℓ (1)
(−1)ℓ2d−1−∆Γ(d/2)(ℓ+ d− 2)!
ℓ!(d− 2)!
Γ(1−∆)Γ
(
d
2
−∆
)
Γ(1− ℓ−∆)Γ(d+ ℓ−∆)
= (−1)ℓπd/22d−∆ Γ(1−∆)Γ
(
d
2
−∆
)
Γ(1− ℓ−∆)Γ(d+ ℓ−∆)
= πd/22d−∆
Γ
(
d
2
−∆
)
Γ(∆)
Γ(ℓ+∆)
Γ(d+ ℓ−∆) ,
(19)
where we have used
C
(d−1)/2
ℓ (1) =
(ℓ+ d− 2)!
ℓ!(d− 2)! , (20)
and
VolSd−1 =
2πd/2
Γ(d/2)
. (21)
The convenience of working on Sd stems from the fact that the central charge may be
defined through the integrated one-point function of the trace of the stress tensor: for a
conformal field theory, 〈∫
Sd
R
ddx
√
g T µµ
〉
= c , (22)
where the radius R is arbitrary. The central charge so defined differs by factors of order unity
from the usual definitions (where, for example, in two dimensions c = 1 for a free boson, and
in four dimensions c = N2/4 for N = 4 U(N) gauge theory). For a flow between conformal
fixed points, the one-point function in (22) will depend on R, interpolating between cUV for
small R and cIR for large R. For CFT’s in even dimensions greater than 2, there are several
distinct central charges, corresponding to different possible Lorentz-invariant counterterms
of the appropriate dimension. In CFT’s with anti-de Sitter duals, at large N it follows from
the considerations of [25] that all these central charges are related in a rigid way. This need
not hold at subleading order in N . Cardy has conjectured [26] an analog in four dimensions
of Zamolodchikov’s c-theorem for the central charge appearing in (22). We believe that this
is the identical central charge that was computed by supergravity methods, up to one loop,
in [22]. At any rate, what we wish to do in the next section is to compute
cIR − cUV =
〈∫
Sd
R
ddx
√
g T µµ
〉
f
−
〈∫
Sd
R
ddx
√
g T µµ
〉
0
=
1
d
R
∂
∂R
(Wf [R]−W0[R]) (23)
where Wf [R] ≡ logZf [J = 0, SdR], and Zf [J = 0, SdR] is the partition function of the CFT on
the sphere SdR, deformed by
∫ f
2
O2.
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3 Determinant calculation on Sd
With the result
gℓ = R
d−2∆πd/22d−∆
Γ
(
d
2
−∆
)
Γ(∆)
Γ(ℓ+∆)
Γ(d+ ℓ−∆)
(24)
in hand, we wish to compute
Wf [R]−W0[R] = −1
2
tr log Kˆ
= −1
2
∞∑
ℓ=0
Md(ℓ) log kℓ = −1
2
∞∑
ℓ=0
Md(ℓ) log(1 + fgℓ) ,
(25)
where Md(ℓ) is the degeneracy of states with angular momentum ℓ on S
d:
Md(ℓ) =
(ℓ+ d− 2)!(2ℓ+ d− 1)
ℓ!(d− 1)! . (26)
(This is the dimension of the irreducible representation of SO(d+1) formed as the symmetric
traceless part of ℓ fundamental vector representations). In the limit fRd−2∆ → 0 (a very small
sphere, or hardly any deformation), Wf [R] → W0[R]. In the opposite limit, fRd−2∆ → ∞,
where we are probing the infrared properties of the theory, the central charge can be read
off from the coefficient of logR in an expansion of Wf [R]. The reason for this is that the
derivative in (23) picks out logR.
Dropping an overall constant which is independent of both R and ∆, we find for large R
that
Wf [R]−W0[R] = −1
2
∞∑
ℓ=0
Md(ℓ) log gℓ . (27)
Because the factors πd/22d−∆Γ
(
d
2
−∆
)
/Γ(∆) in gℓ do not depend on ℓ or R, they will not
contribute to the scale anomaly (23). (The reader can check this explicitly once we have
introduced our regulation scheme). Thus we are left with the computation of
Wf [R] = −1
2
∞∑
ℓ=0
Md(ℓ) log
(
Rd−2∆
Γ(ℓ+∆)
Γ(d+ ℓ−∆)
)
= −1
2
(V1 + V2) , (28)
where
V1 = (d− 2∆)(logR)
∞∑
ℓ=0
Md(ℓ) , V2 =
∞∑
ℓ=0
Md(ℓ) log
Γ(ℓ+∆)
Γ(ℓ+ d−∆) . (29)
Naively, it seems that only V1 has logR dependence. This would be in contradiction with
the results of [22], because it would mean that the central charge would depend linearly on
d − 2∆. The problem is that, because Md(ℓ) is a polynomial of degree d − 1, all the sums
in (25), (27), (28), and (29) are divergent, and some regulator is required. A regulator must
refer to some energy scale Λ which remains fixed as we differentiate with respect to R in
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calculating 〈∫ T µµ 〉. This introduces additional R dependence beyond what is apparent in
(29).
For reasons to be explained, we will settle eventually on zeta-function regularization.
However, to appreciate the point about the regulator introducing R-dependence to a sum
over ℓ, consider the regulated sum
∞∑
ℓ=1
ℓαe−ǫℓ = Li−α(e
−ǫ) (30)
where ǫ−1 = RΛ and α is real. When α = −1, the right hand side diverges as − log ǫ =
log(RΛ) in the ǫ → 0 limit. For α < −1, the sum converges in the ǫ → 0 limit, while for
α > −1, the sum (defined now via analytic continuation) has, at most, divergences which are
integer powers of 1/ǫ. Evidently, for α = −1, there is logarithmic dependence on R which
persists in the limit that the cutoff Λ is removed.
This can be compared directly to a zeta-function regulator, which can be motivated
formally by considering
∞∑
ℓ=1
ℓα
1
ℓs
= ζ(s− α) (31)
for real α. Of course, the sum is again defined via analytic continuation when Re s < α+ 1.
When α = −1, there is a pole in the expression on the right hand side at s = 0 with residue
1. For other real α, there is no pole at s = 0. Comparing with the remarks following (30),
one can conclude that for any polynomial sum, extracting the residue from a zeta-function
regularization gives the coefficient of log(RΛ). A convenient feature of the zeta-function
approach is that
∞∑
ℓ=1
ℓα(log ℓ)
1
ℓs
=
d
dα
∞∑
ℓ=1
ℓα
1
ℓs
= −ζ ′(s− α) , (32)
which has no residue. Presumably it may be shown that ℓα(log ℓ) terms can also be dropped
with the simpler exponential regulator of the previous paragraph, but the argument seems
less transparent.
The last manipulation we need in order to be able to compute the anomaly in any
dimension is to set x = ∆− d/2 and expand
log
Γ(ℓ+∆)
Γ(ℓ+ d−∆) = log Γ(ℓ+ d/2 + x)− log Γ(ℓ+ d/2− x) = 2
∞∑
n=1
n odd
xn
n!
ψ(n−1)(ℓ + d/2)
(33)
where
ψ(z) =
d
dz
log Γ(z) = log z − 1
2z
−
∞∑
k=1
B2k
2k
z−2k = log z +
∞∑
s=0
ζ(−s)z−s−1 . (34)
Let us proceed now to the calculation of the anomaly in various cases.
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3.1 Vanishing of the anomaly in odd dimensions d
Because of the absence of appropriate generally covariant counter-terms for violations of
scale invariance, it is expected that 〈T µµ 〉 = 0 for a conformal theory in odd dimensions,
regardless of which curved manifold the theory is defined on.
It is convenient here to define k = ℓ+ (d− 1)/2. The multiplicity can be expressed as
Md(k − (d− 1)/2) = 2
(d− 1)!
(d−3)/2∏
i=0
(k2 − i2) . (35)
Now we observe that
V1 = (d− 2∆) logR
∞∑
k=1
Md(k − (d− 1)/2) (36)
vanishes because ζ(−2n) = 0 for all positive integer n. The reason we were able to shift the
sum from ℓ = 0 to ∞ to a sum from k = 1 to ∞ is that Md(k − (d − 1)/2) vanishes for
k = 1, 2, . . . , (d− 1)/2.
To show that V2 also contributes nothing to the anomaly, we use the large k expansion
ψ(k + 1/2) = log k +
∞∑
r=1
brk
−2r , (37)
where b1 = 1/24, b2 = −7/960, etc. Since both Md and ψ(k+1/2) contain only even powers
of k, the sums
∞∑
k=1
Md(k − (d− 1)/2)ψ(2n)(k + 1/2) (38)
contain no logarithmic divergences. Therefore, our calculation of the anomaly indeed gives
a vanishing result in all odd dimensions d.
The calculation of [22] gave a definite non-zero result for the change in the bulk cosmolog-
ical constant for odd d, but it is unclear how to translate this in a crisp way into field theory
terms. Certainly the scale anomaly vanishes in the calculation of [25] for odd dimensions.
The result of [22] may correspond to some non-divergent terms in field theory that we are
not computing here.
3.2 Vanishing of terms linear in d− 2∆ in even dimensions d
A general feature predicted by [22] is that there is no term linear in d− 2∆ in the expansion
of the difference cIR − cUV in powers of d − 2∆. This can readily be shown in field theory,
as follows.
It is convenient here to define k = ℓ + d/2. The multiplicity Md(k − d/2) vanishes for
k = 1, 2, . . . , d/2, so we are free to shift a sum from ℓ = 0 to ∞ to a sum from k = 1 to ∞.
We may write
Md(k − d/2) =
d−1∑
r=1
ark
r (39)
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for some set of coefficients ar. Now, using the zeta-function regulator,
V1 = (d− 2∆) logR
∞∑
k=1
Md = (d− 2∆) logR
d−1∑
r=1
arζ(−r) . (40)
On the other hand, the term in V2 linear in x = ∆− d/2 is
(2∆− d)
∞∑
k=1
Md(k − d/2)ψ(k) = (2∆− d)
∞∑
k=1
(
d−1∑
r=1
ark
r
∞∑
s=0
ζ(−s)k−s−1
)
= (2∆− d) log(RΛ)
d−1∑
r=1
arζ(−r) .
(41)
In the first equality we have used (34) and dropped the logarithmic term because it does not
survive zeta-function regularization. In the second equality we have simply picked out the
1/k terms in the product of the two interior sums. Evidently, the logR dependence cancels
between (39) and (41).
3.3 The cases d = 2, 4, 6, and 8
It remains to compare the coefficients of non-linear odd powers in x = ∆ − d/2 between
our field theory calculation and the AdSd+1 calculation of [22], where one finds an anomaly
proportional to ∫ x
0
(d−2)/2∏
i=0
(x2 − i2) . (42)
In the field theory calculation, only V2 contributes. We present the calculation for a few even
values of d, using the same definition, k = ℓ+ d/2, as in section 3.2.
First we consider d = 2, where M2(ℓ) = 2ℓ+ 1 = 2k − 1, so that the necessary sum is
x3
3
∞∑
k=1
(2k − 1)ψ′′(k) −→ − log(RΛ)2x
3
3
, (43)
where the arrow indicates that we have isolated the logarithmic term by zeta-function reg-
ularization. All higher powers of x produce convergent sums and cannot contribute to the
anomaly. The result proportional to x3 agrees with [22] up to overall coefficient.
Now let us consider d = 4, where the result found by [22] is a particular sum of (∆− 2)3
and (∆− 2)5 behaviors. We have
M4(ℓ) =
(ℓ+ 1)(ℓ+ 2)(3 + 2ℓ)
6
=
k(2k2 − 3k + 1)
6
, (44)
where k = ℓ+ 2. So the term of order x3 is
x3
3
∞∑
k=1
k(2k2 − 3k + 1)
6
(
− 1
k2
− 1
k3
− 1
2k4
+ . . .
)
−→ log(RΛ)x
3
18
. (45)
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The term of order x5 is evaluated similarly, and the total anomalous part of V2 is
1
6
log(RΛ)
(
x3
3
− x
5
5
)
, (46)
which agrees with (42), again up to an overall normalization.
Now let us check the cases d = 6 and d = 8. Defining k = ℓ+ 3, we have
M6(ℓ) =
2k5 − 5k4 + 5k2 − 2k
5!
. (47)
By computations similar to (43) and (45), we find that the anomalous part of V2 is
− 1
180
log(RΛ)
(
x7
7
− x5 + 4x
3
3
)
, (48)
where x = ∆− 3. In the d = 8 case, defining k = ℓ+ 4, we have
M8(ℓ) =
(2k − 1)(k − 3)(k − 2)(k − 1)k(k + 1)(k + 2)
7!
, (49)
and the anomalous part of V2 is
− 1
10080
log(RΛ)
(
x9
9
− 2x7 + 49x
5
5
− 12x3
)
. (50)
The results (48) and (50) again agree with (42).
Although we have not given a general argument for the agreement of the field theory
results with the simple AdS/CFT result (42) of [22], the cases that we have checked provide
fairly convincing evidence that in all even d there is full agreement.
4 A remark on the two-point function
One of the striking features of the general treatment in section 2 of the field theory com-
putation is that the two-point correlator can be computed not just at the endpoints of the
renormalization group flow, but also at intermediate energy scales: on Rd, the key formulas
(recapitulating (7) and (8)) are
Q(k) ≡
∫
ddx e−ik·x〈O(x)O(0)〉f = G(k)
1 + fG(k)
G(k) = 2d−2∆πd/2
Γ
(
d
2
−∆
)
Γ(∆)
k2∆−d ,
(51)
where the original deformation is S → S + ∫ f
2
O2.
On the other hand, the AdS treatment of the renormalization group flow caused by the
same deformation, initiated in [14] and continued in [16, 22], has also the capacity to yield
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information about intermediate energy scales. Indeed, in [16] the AdS methods were used
to derive the formula for the two-point function identical to (51). Below we rederive this
result in a somewhat different way. In [22] the two-point function for the scalar ϕ dual to O
is given for arbitrary points in the bulk. Parametrizing Euclidean AdSd+1 as
ds2 =
1
x20
(dx20 + dx
2
1 + . . .+ dx
2
d) , (52)
the two point function for points (x0, ~x), (y0, ~y) such that x0 < y0 is given in [22] as
GE(x, y; f˜) = −
∫
ddk
(2π)d
e−i
~k·(~x−~y)(x0y0)
d
2Kν(ky0)
(1 + (2/k)2ν f˜ Γ(1 + ν)/Γ(1− ν))Ld−1
×
[
I−ν(kx0) + f˜
Γ(1 + ν)
Γ(1− ν)
(
2
k
)2ν
Iν(kx0)
]
,
(53)
where ν = d/2−∆ is between 0 and 1.4 Expanding ϕ near the boundary as
ϕ ∼ α(~x)xd−∆0 + β(~x)x∆0 , (54)
the normalization of f˜ is fixed by writing the boundary condition of [14] as α = f˜β.
A correct though somewhat heuristic method to obtain the AdS/CFT prediction for the
two-point function Q(k), up to an overall normalization, is to start with the kth Fourier
component of GE , set x0 = y0 = ǫ, and extract the coefficient of the leading non-analytic
term in ǫ2 as ǫ→ 0. The result is supposed to be Q(k), up to an overall factor that may be
∆-dependent. Dropping such factors, one obtains
Q(k) ∼ k
−2ν
1 + (2/k)2ν f˜ Γ(1 + ν)/Γ(1− ν) . (55)
Only the term I−ν(kx0) inside square brackets in (53) contributes to (55). Evidently, (55)
is in agreement with (51) (up to the overall normalization which we have not endeavored to
compute) provided we identify
f˜ =
2πd/2
d− 2∆
Γ
(
∆− d
2
+ 1
)
Γ(∆)
f . (56)
It may be possible to normalize f˜ in an independent manner and make a consistency check
with (56). We presume that due care would allow us to reconcile the overall normalization
as well; but since this can be studied entirely at the UV fixed point, and has only to do with
the
∫
JO couplings that have been well-explored in other literature, we will not address the
issue here.
The main point that the results of [16] and of this section illustrate is that the AdS/CFT
and field theory computations yield information about the entire RG flow, with no scheme
dependence in physical answers.
4Note that this sign for ν is opposite the one that often shows up in the literature, for example [2]. This
is because ν is being defined in reference to the UV scaling dimension of O, rather than the IR scaling
dimension.
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